This paper presents a multiple length-scale asymptotic analysis that shows that, for transport problems in 1-D diffusive random media, the Levermore-Pomraning (LP) equations can be adjusted in order to achieve the correct asymptotic behavior. This analysis does not require the material layers to be optically thin. This adjustment appears in the form of a constant correction factor, which can be chosen in a simple way. Numerical results are given that (i) validate the theoretical predictions; and (ii) show that the adjusted LP equations greatly outperform the standard LP model for this class of transport problems.
Introduction
The diffusion approximation is a classic model for particle transport in a physical system in which absorption and sources are weak and the solution varies slowly over the distance of a mean free path. The diffusion equation has been shown to be an asymptotic limit of the transport equation [1] [2] [3] .
The Levermore-Pomraning (LP) equations [4] [5] [6] [7] are a well-known approach to model particle transport in a heterogeneous physical system consisting of two or more materials. They generalize the widely-used atomic mix approximation [5, 8] , which requires chunks of each material to be optically thin. The LP model is known to be accurate for problems with (i) weak scattering, and (ii) a Markovian distribution of chord lengths across material chunks [9, 10] . However, numerical experiments have indicated that the LP model is inaccurate for diffusive systems [9, 11] .
In this work, we consider 1-D transport problems in slab geometry. In particular, we assume that:
A1. The physical system is heterogeneous, consisting of alternate layers of different materials. The thicknesses of the layers are on the order of a mean free path (or smaller).
A2. For convenience, we assume that the system is binary, with different layers labeled 1 and 2. The cross sections and source for material i (i = 1 or 2) are respectively labeled Σ ti and Q i .
A3. The structure of the system is stochastic: the thickness of each layer is random. It is not necessary to know the locations of the boundaries of the layers.
A4. The system is diffusive (in a global sense). That is, the physical system is optically thick, and absorption and sources are weak at each spatial point.
We point out that assumptions A1 and A4 imply that the number of material layers in the system is large. As introduced in [12] , for the diffusive limit just described, the standard LP model reduces to a diffusion equation with an incorrect diffusion coefficient. This theoretically explains the inaccuracies observed in LP simulations for diffusive problems. In this paper we provide a correction factor to the LP equations in order to preserve the correct asymptotic behavior, greatly improving the accuracy of the model.
Finally, we include in this paper benchmark computational results that validate the accuracy of the adjusted LP model. These simulations demonstrate that, for transport problems in this 1-D diffusive limit, (i) the solution of the LP equations limit to the solution of the predicted diffusion equation, and (ii) the solution of the adjusted LP model closely agrees with the benchmark results, while the standard LP model fails to do the same.
A summary of the remainder of the paper follows. In Section 2 we present the asymptotic theory for the transport equation. In Section 3 we apply a similar asymptotic theory to the adjusted LP equations, defining the correction factor. In Section 4 we present numerical results that validate the new model and the theoretical predictions. We conclude with a brief discussion in Section 5.
Asymptotic Analysis of the Transport Equation
We consider the following 1-D steady-state, monoenergetic transport problem, with vacuum boundaries and space-dependent cross sections and source:
Moreover, taking into account the assumptions described in the previous section, we consider the following:
I. The physical system −X ≤ x ≤ X consists of a stochastic structure of alternate layers of two distinct materials. Therefore, the cross sections and source in Eq. (2.1a) are stochastic functions of space.
II. The spatial variable x is scaled so that the typical width of a layer and a typical mean free path are O(1). Thus, Σ t = O(1).
III. The system is optically thick. Thus, the dimensionless parameter ε ≡ average width of a layer width of the system = 1 number of layers (2.2a)
is small, and 2X = width of the system = O(1/ε).
IV. Absorption is weak at all spatial points. This is expressed by writing the absorption cross section as
where σ a (x) = O(1).
V. For convenience, we scale the source so that the infinite-medium solution is O(1). This is expressed by writing
where
VI. The flux depends on two spatial variables: the "fast" spatial variable x, which describes rapid variations on the order of a mean free path or a layer width, and a new "slow" spatial variable
which describes slowly-varying spatial variations in the flux over the O(1/ε) optical width of the system. This is expressed by writing
which implies:
, we obtain the following scaled transport equation:
This equation can be asymptotically solved by assuming the ansatẑ
in which ε << 1, and x and z are treated as independent variables. This calculation, given in detail elsewhere [12] , yields the diffusion equation
where Σ t = volume-averaged total cross section, (2.10a)
Finally, we return to the original unstrecthed variables. Multiplying Eq. (2.9) by ε 2 and using
one easily obtains
Notice that Eq. (2.12), which is simply the conventional diffusion equation with volume-averaged cross sections, is the leading-order asymptotic limit of Eq. (2.7) as ε → 0; and the unknown Φ 0 (x) is the leading order estimate of the scalar flux.
Asymptotic Analysis of the Adjusted LP Equations
We specify λ i = the mean width of the layers of material i, (3.1a)
Then, the adjusted LP approximation to Eqs. (2.1) is given by:
In these equations, i, j = 1 or 2 with j = i. Moreover, we have introduced a constant correction factor η, to be specified later. 
The adjusted LP equations (3.
where z is given by Eq. (2.5). Here, the flux depends only on the "slow" spatial variable z and the angular variable µ, there being no "fast" spatial variation in Eqs. , we obtain the scaled adjusted LP equations:
We solve these equations by assuming the ansatz
Introducing Eqs. (3.5) into (3.4) and equating the coefficients of different powers of ε, we obtain for n ≥ 0:
where ψ i,−1 = ψ i,−2 = 0. These equations can be solved recursively: for n = 0, they have only an isotropic solution of the form
where φ 0 (z) is undetermined.
For n = 1, Eqs. (3.6) have a solvability condition, which is automatically satisfied. The general solution of the n = 1 equations is:
where φ 1 (z) is undetermined and:
For n = 2, Eqs. (3.6) have a solvability condition that is not automatically satisfied. This condition is obtained by first integrating Eqs. (3.6) with n = 2 over −1 ≤ µ ≤ 1, and then adding the resulting two equations. This gives:
(3.10)
Introducing Eqs. (3.7) and (3.8) into Eq. (3.10) and simplifying, we obtain the following diffusion equation for φ 0 :
Multiplying Eq. (3.11) by ε 2 we obtain:
Finally, Eqs. (2.11), (3.1b), (3.2d), (3.3c), (3.5), and (3.7) give:
Thus, Eq. (3.13) is the leading-order asymptotic limit of Eq. (3.4) as ε → 0, and the unknown Φ 0 (x) in this equation is the leading-order estimate of the scalar flux.
We note that the diffusion coefficient in Eq. (3.13) is equal to the one in Eq. (2.12) only if β = 1, which only happens if α(µ) = 1. As expected, if the system approaches the atomic mix limit λ i → 0, then α(µ) → 1, and so β → 1.
However, if Σ t1 = Σ t2 , it is easy to show that α(µ) > 1 for any choice of λ i , which implies that β > 1. This causes the diffusion coefficient of Eq. (3.13) to be unphysically large. This can considerably affect the solution, as we will show is the case for the standard LP equations (in which the correction factor η = 1).
To fix this, we can define the correction factor η 1 such that α(µ) ≈ 1; in this paper, given that Σ a = 0, we use
This choice of η presents two desirable qualities: (i) it preserves the correct LP description for problems in purely absorbing media, in which case the standard LP equations (with η = 1) are known to be exact [5] ; and (ii) it is very easy to obtain.
Numerical Results
To test the predictions of the asymptotic analysis, we consider Eq. (2.1) for binary random systems with total width given by 2X = (λ 1 + λ 2 )M = total width of the system, (4.1)
where λ 1 and λ 2 are defined in Eq. (3.1a). The parameters at each spatial point x in material i are given by
and vacuum boundary conditions are assigned at x = ±X. We obtain a physical realization of the system by sampling the thicknesses of individual layers from an exponential distribution with the mean values λ 1 and λ 2 , as sketched in Figure 1 . For this realization we solve the corresponding transport problem numerically. For each set of problems, we repeat this process a large number of times and then average the scalar fluxes to obtain the ensemble-averaged scalar fluxes. We use the Central Limit Theorem [13] to guarantee that the statistical relative error in these benchmark results is less then 1% with 95% confidence.
We consider three sets of problems with parameters as given in Table 1 . In these problems, λ i , Σ ti , σ ai , and q i are all O(1) constants, and ε = 1/M . The choice of material 2 as a void corresponds to known physical applications such as pebble bed reactor cores [14, 15] , and does not violate our physical assumptions.
Our benchmark numerical results for the transport equation (2.1), as well as the numerical results for the LP equations (3.2), were generated using the standard discrete ordinate method with a 16-point Gauss-Legendre quadrature set. The spatial differencing used was simple diamond differencing. The results are plotted in Figures In these figures we have also plotted the solution obtained with the LP diffusion equation (3.13) . Since our asymptotic analysis does not include boundary conditions for this equation, we used the extrapolated endpoint boundary conditions
When used with Eq. (3.13), these boundary conditions very accurately predict the solution of Eqs. (3.2) in the diffusive limit considered in this paper.
As expected, as M increases (and ε decreases), we see that the scalar fluxes obtained with the standard and adjusted LP equations increasingly agree with the corresponding solutions of the diffusion equation (3.13) . Moreover, the results of the standard LP equations systematically disagree with the benchmark results; as predicted, the standard LP scalar flux is incorrectly flattened. On the other hand, the adjusted LP equations provide very accurate estimates for the scalar flux, validating the asymptotic theory presented here.
Discussion
This paper presents an adjustment to the standard Levermore-Pomraning (LP) equations for diffusive problems in slab geometry. This adjustment is motivated by an analysis that shows that, under certain diffusive conditions, the asymptotic behavior of the LP model deviates from the correct result. This is confirmed by our numerical simulations, and provides an explanation for previously-observed inaccuracies in the LP model for diffusive problems.
The asymptotic analysis is valid for physical systems that (i) have weak absorption and sources; (ii) are optically thick; and (iii) consist of a large number of material layers with mean thicknesses comparable to (or small compared to) a mean free path. Specifically, the material layers are not required to be optically thin. It is not necessary that the system be highly-scattering at all points; void regions are permitted.
The analysis also shows that, by introducing a (constant) correction factor η 1 to the original LP model, one can fix its asymptotic behavior. In this work we have used η = Σ t 2 / Σ a 2 , which (i) yields very accurate results, as confirmed by our numerical simulations; (ii) preserves the exactness of the LP model for purely absorbing problems; (iii) is simple to compute. From a qualitative viewpoint, the correction factor η in Eqs. (3.2) can be seen as a rescaling of the mean widths of the material layers. By substituting the original O(1) widths λ i for the "rescaled" widths λ i /η 1, we are solving the LP equations in an "artificial" atomic mix limit, which yields the atomic mix diffusion equation (2.12) .
Asymptotic diffusion approximations of the LP equations have been considered before [5] . However, these were performed for systems in which material layers are optically thick -that asymptotic limit is fundamentally different from the one considered here. Moreover, to our knowledge, corresponding asymptotic limits have not been applied to the original transport equation, so it is unclear whether the results are physically correct.
Although the analysis developed in this paper can be extended to multidimensional problems, the relatively simple diffusion equations obtained no longer generally hold. For instance, in general 3-D problems, spatial correlations to the cross sections will lead to anisotropic diffusion. Nevertheless, for the diffusive systems considered here, the adjusted LP equations are a clear improvement over their standard counterpart, and provide a theoretical tool for examining future generalizations of the LP model. In future work, we will investigate the possibility of refining this idea for transport problems not in purely absorbing or highly diffusive systems. 
